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Abstract
We study the N = 1 U(N) gauge model obtained by spontaneous breaking of
N = 2 supersymmetry. The Fayet-Iliopoulos term included in the N = 2 action
does not appear in the resulting N = 1 action and the superpotential is modified to
break discrete R symmetry. We take a limit in which the Ka¨hler metric becomes flat
and the superpotential preserves non-trivial form. The Nambu-Goldstone fermion is
decoupled from other fields but the resulting action is still N = 1 supersymmetric.
It shows the origin of the fermionic shift symmetry in N = 1 U(N) gauge theory.
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1 Introduction
It was conjectured in [1] that non-perturbative quantities in a low energy effective gauge
theory can be computed by a matrix model. This conjecture was confirmed by [2] for
the case of an N = 1 U(N) gauge theory with a chiral superfield Φ in the adjoint
representation of U(N) . The N = 1 action is obtained from “soft” breaking of N = 2
supersymmetry by adding the tree-level superpotential∫
d2θTrW (Φ). (1.1)
The group SU(N) is confined and there is a symmetry of shifting the U(1) gaugino by
an anticommuting c-number Wα →Wα− 4πχα . It is called “fermionic shift symmetry”.
Thanks to this symmetry, effective superpotential is written as
Weff =
∫
d2χF , (1.2)
for some function F . The fermionic shift symmetry is due to a free fermion and should
be related to a second, spontaneously broken supersymmetry.
Antoniadis-Partouche-Taylor (APT) constructed the U(1) gauge model which breaks
N = 2 supersymmetry to N = 1 spontaneously by electric and magnetic Fayet-Iliopoulos
(FI) terms [3]. (See also [4].) The U(N) generalization of the APT model was given in [5]
which is described by N = 1 chiral superfields and N = 1 vector superfields. The Nambu-
Goldstone fermion appears in the overall U(1) part of U(N) gauge group and couples with
the SU(N) sector because of the fact that the 3rd derivatives of the prepotential are non-
vanishing [6] . A manifestly N = 2 formulation of U(N) gauge model [5, 6] with/without
N = 2 hypermultiplets has been realized in [7]. It overcomes the difficulty in coupling
hypermultiplets to the APT model. Partial breaking of local N = 2 supersymmetry was
discussed in a lot of papers [8, 9].
This paper is organized as follows. In section 2, We derive the resulting N = 1 U(N)
action from the N = 2 U(N) gauge model [5]. In section 3, we take a limit in which the
Ka¨hler metric becomes flat , while the superpotential preserves its non-trivial form. After
taking this limit the Nambu-Goldstone fermion is decoupled from other fields, but partial
breaking of N = 2 supersymmetry is realized as before. We get a general N = 1 action
discussed in [1, 2]. It shows that the fermionic shift symmetry is due to the decoupling
limit of the Nambu-Goldstone fermion. In the appendix, we derive the resulting N = 1
supercharge algebra 1 .
1We follow the notation of [10]
2
2 Spontaneous partial breaking of N = 2 supersym-
metry and resulting N = 1 action
The on-shell action of the N = 2 U(N) gauge model [5] takes the following form:
L N=2
on−shell
=Lkin + Lpot + LPauli + Lmass + Lfermi4 , (2.1)
with
Lkin=−gabDmAaDmA∗b − 1
4
gabv
a
mnv
bmn − 1
8
Re(Fab)ǫmnpqvamnvbpq (2.2)
−1
2
FabλaσmDmλ¯b − 1
2
F∗abDmλaσmλ¯b −
1
2
FabψaσmDmψ¯b − 1
2
F∗abDmψaσmψ¯b,
Lpot=−1
2
gab
(
1
2
Da +
√
2ξδ0a
)(
1
2
Db +
√
2ξδ0b
)
− gab∂aW∂b∗W ∗, (2.3)
LPauli= i
√
2
8
Fabcψcσmσ¯nλavbmn + i
√
2
8
F∗abcλ¯aσ¯mσnψ¯cvbmn, (2.4)
Lmass=
(
− i
4
Fabcgcd∂dW − 1
2
∂a∂bW
)
ψaψb − i
4
Fabcgcd∂d∗W ∗λaλb
+
{
− 1
4
√
2
Fabcgcd
(
Dd + 2
√
2ξδod
)
+
1√
2
gack
∗c
b
}
ψaλb + c.c. , (2.5)
Lfermi4 =− i
8
Fabcdψcψdλaλb + i
8
F∗abcdψ¯cψ¯dλ¯aλ¯b + gabFˆ aFˆ ∗b +
1
2
gabDˆ
aDˆb
+
i
4
FabcFˆ ∗cψaψb + i
4
FabcFˆ cλaλb + 1
2
√
2
FabcDˆcψaλb
− i
4
F∗abcFˆ cψ¯aψ¯b −
i
4
F∗abcFˆ ∗cλ¯aλ¯b +
1
2
√
2
F∗abcDˆcψ¯aλ¯b. (2.6)
where Dˆa ≡ −
√
2
4
gab
(Fbcdψdλc + F∗bcdψ¯dλ¯c) , Fˆ a ≡ i4gab (F∗bcdλ¯cλ¯d −Fbcdψcψd) and W =
eA0 + mF0. Let us examine the case with F =
n∑
k=0
tr
gk
k!
Φk. The vacuum condition
∂Lpot
∂Aa
= 0 reduces to
〈F00〉 = −e± iξ
m
, (2.7)
where 〈...〉 denotes ... evaluated at Ar = 0 (indices r represent non-Cartan generators).
For the sake of simplicity , we choose + sign in (2.7) and this means ξ
m
≥ 0. It is revealed
in [6] that the Nambu-Goldstone fermion exists in the overall U(1) part of U(N) gauge
group,
〈〈δN=2
(
λ0 − ψ0√
2
)
〉〉 = −2im(η1 + η2), 〈〈δN=2
(
λ0 + ψ0√
2
)
〉〉 = 0. (2.8)
3
We use 〈〈...〉〉 for vacuum expectation values which satisfy (2.7). λ0−ψ0√
2
is the Nambu-
Goldstone fermion and it will be included in the overall U(1) part of the resulting N = 1
U(N) vector superfield. The vacuum expectation value of the scalar potential V ≡ −Lpot
is 〈〈V〉〉 = 2mξ. As is pointed out in [5], the second term in the RHS of the local version
of N = 2 supersymmetry algebra enables us to add a constant 2mξ to the action (2.1) in
order to set 〈〈V〉〉 = 0. In the formalism of harmonic superspace, this freedom to add a
constant number comes from arbitrariness to choose the imaginary part of the magnetic
FI term in [7] 2.
To obtain the resulting N = 1 action for the case that U(N) gauge symmetry is not
broken at vacua, we shift the scalar fields Aa by its vacuum expectation value and mix
the spinor fields ψa and λa. We define
A˜a ≡ Aa − 〈〈A0〉〉δa0 , λ−a ≡
1√
2
(λa − ψa), λ+a ≡ 1√
2
(λa + ψa) . (2.9)
Substitute these into (2.1), we get the resulting N = 1 U(N) gauge action after sponta-
neous breaking of N = 2 supersymmetry,
L N=1
on−shell
= L˜kin + L˜pot + L˜Pauli + L˜mass + L˜fermi4 , (2.10)
with
L˜kin = −g˜abDmA˜aDmA˜∗b − 1
4
g˜abv
a
mnv
bmn − 1
8
Re(F˜ab)ǫmnpqvamnvbpq (2.11)
−1
2
F˜abλ−aσmDmλ¯−b − 1
2
F˜∗abDmλ−aσmλ¯−b −
1
2
F˜abλ+aσmDmλ¯+b − 1
2
F˜∗abDmλ+aσmλ¯+b,
L˜pot = −1
8
g˜abD˜aD˜b − g˜ab∂˜aW˜ ∂˜b∗W˜ ∗, (2.12)
L˜Pauli = i
√
2
8
F˜abcλ+cσmσ¯nλ−avbmn + i
√
2
8
F˜∗abcλ¯−aσ¯mσnλ¯+cvbmn (2.13)
L˜mass =
(
− i
4
F˜abcg˜cd∂˜dW˜ − 1
2
∂˜a∂˜bW˜
)
λ+aλ+b − i
4
F˜abcg˜cd∂˜d∗W˜ ∗λ−aλ−b
+
{
− 1
4
√
2
F˜abcg˜cdD˜d + 1√
2
g˜ack˜
∗c
b
}
λ+aλ−b + c.c. , (2.14)
L˜fermi4 = − i
8
F˜abcdλ+cλ+dλ−aλ−b + i
8
F˜∗abcdλ¯+cλ¯+dλ¯−aλ¯−b + g˜abFˇ aFˇ ∗b +
1
2
g˜abDˇ
aDˇb
+
i
4
F˜abcFˇ ∗cλ+aλ+b + i
4
F˜abcFˇ cλ−aλ−b + 1
2
√
2
F˜abcDˇcλ+aλ−b
− i
4
F˜∗abcFˇ cλ¯+aλ¯+b −
i
4
F˜∗abcFˇ ∗cλ¯−aλ¯−b +
1
2
√
2
F˜∗abcDˇcλ¯+aλ¯+b. (2.15)
2 In [3], such freedom comes from the electric FI term.
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where
F˜(A˜) ≡ 〈〈F〉〉+ 〈〈Fa〉〉A˜a + 〈〈Fab〉〉A˜
aA˜b
2!
+ 〈〈Fabc〉〉A˜
aA˜bA˜c
3!
+ · · · , F˜a ≡ ∂F˜ (A˜)
∂A˜a
,
F˜ab ≡ ∂
2F˜
∂A˜a∂A˜b
, · · · , g˜ab ≡ F˜ab − F˜
∗
ab
2i
, D˜a ≡ −ig˜abf bcdA˜∗cA˜d, k˜ ba ≡ −ig˜bc
∂
∂A˜∗c
D˜a,
Fˇ a ≡ i
4
g˜abF˜∗bcdλ¯−cλ¯−d −
i
4
g˜abF˜bcdλ+cλ+d, Dˇa ≡ −
√
2
4
g˜abF˜bcdλ+cλ−d −
√
2
4
g˜abF˜∗bcdλ¯+cλ¯−d,
W˜ ≡ (e− iξ)A˜0 +mF˜0, ∂˜aW˜ ≡ ∂W˜
∂A˜a
, ∂˜a∂˜bW˜ ≡ ∂
2W˜
∂A˜a∂A˜b
.
Here we have used
i∂aDb + i∂bDa − 1
2
gcdFabcDd = 0, gabDaδ0b = 0, (2.16)
Fabcλ+aσnσ¯mλ+bvcmn = 0, Fabcdλ+aλ+bλ+cλ+d = 0. (2.17)
Take notice that we have added the constant 2mξ to Lpot as mentioned above.
As a result, the action (2.10) agrees with the action (2.1) except for the superpotential
term and FI term. There is no FI term in (2.10), and the superpotential W = eAo+mF0
get shifted to W˜ = (e − iξ)A˜0 + mF˜0 (we neglected a constant term). Because the
coefficient (e − iξ) in W˜ is a complex number, (2.10) is not invariant under the discrete
R transformation 3 .
We can write the off-shell N = 1 action by introducing auxiliary fields F˜ and D˜,
L N=1
off−shell
=
−g˜abDmA˜aDmA˜∗b − 1
4
g˜abv
a
mnv
bmn − 1
8
Re(F˜ab)ǫmnpqvamnvbpq
−1
2
F˜abλ−aσmDmλ¯−b − 1
2
F˜∗abDmλ−aσmλ¯−b −
1
2
F˜abλ+aσmDmλ¯+b − 1
2
F˜∗abDmλ+aσmλ¯+b
+g˜abF˜
aF˜ ∗b + F˜ a∂˜aW˜ + F˜ ∗a∂˜a∗W˜ ∗ +
1
2
g˜abD˜
aD˜b +
1
2
D˜aD˜a
+(
i
4
F˜abcF˜ ∗c − 1
2
∂˜a∂˜bW˜ )λ
+aλ+b +
i
4
F˜abcF˜ cλ−aλ−b + 1√
2
(g˜ack
∗
b
c +
1
2
F˜abcD˜c)λ+aλ−b
+(− i
4
F˜∗abcF˜ c −
1
2
∂˜a∗ ∂˜b∗W˜
∗)λ¯+aλ¯+b − i
4
F˜∗abcF˜ ∗cλ¯−aλ¯−b +
1√
2
(g˜cakb
c +
1
2
F˜∗abcD˜c)λ¯+aλ¯−b
−i
√
2
8
(F˜abcλ+cσnσ¯mλ−a − F˜∗abcλ¯−aσ¯mσnλ¯+c)vbmn
− i
8
F˜abcdλ+cλ+dλ−aλ−b + i
8
F˜∗abcdλ¯+cλ¯+dλ¯−aλ¯−b. (2.18)
3R :
(
λ−a
λ+a
)
−→
(
λ+a
−λ−a
)
5
Component fields (A˜a, λ+a, F˜ a) form massive N = 1 chiral multiplets Φ˜a. Other com-
ponent fields (vam, λ
−a, D˜a) form massless N = 1 vector multiplets V˜ a. The Nambu-
Goldstone fermion λ−0 is contained in the overall U(1) part of V˜ a.
3 Reparametrization and scaling limit
We consider a limit in which the Nambu-Goldstone fermion λ−0 is decoupled from other
fields with N = 2 supersymmetry breaking to N = 1. If the prepotential F is a second
order polynomial, there are no Yukawa couplings in (2.18) and λ−0 will be a free fermion.
However, derivatives of the superpotential become zero, ∂˜a∂˜bW˜ = mF˜0ab = 0 and ∂˜aW˜ =
(e− iξ)δ0a +mF˜0a = (e− iξ)δ0a +m〈〈F0a〉〉 = 0. This means that the superpotential does
not contribute to (2.18) and it preserves N = 2 supersymmetry. This problem can be
solved by a large limit of the parameters (e,m, ξ), i.e. large limit of electric and magnetic
FI terms.
We reparametrize gk =
g′
k
Λ
(k ≥ 3) and (e, m, ξ) = (Λe′, Λm′, Λξ′). The prepotential
F is
F =
n∑
k=0
tr
gk
k!
Φk = tr
(
g01 + g1Φ+
g2
2
Φ2
)
+
1
Λ
n∑
k=3
tr
g′k
k!
Φk, (3.1)
and we see the Λ dependence of the following terms:
F˜ab = 〈〈Fab〉〉+ 1
Λ
{
〈〈F ′abc〉〉A˜c + 〈〈F ′abcd〉〉
A˜cA˜d
2!
+ · · ·
}
=
−e + iξ
m
δab +O(Λ−1),
F˜abc = O(Λ−1), F˜abcd = O(Λ−1), g˜ab = ξ
m
δab +O(Λ−1),
D˜a = −ig˜abf bcdA˜∗cA˜d = −
iξ
m
δabf
b
cdA˜
∗cA˜d +O(Λ−1) . (3.2)
where F ′ = tr
(
g01+ g1Φ +
g2
2
Φ2
)
+
n∑
k=3
tr
g′k
k!
Φk. Note that the scaling parameter Λ is
cancelled out in the superpotential term:
∂˜aW˜ =(e− iξ)δ0a +mF˜0a = m′
{
〈〈F ′0ab〉〉A˜b +
1
2!
〈〈F ′0abc〉〉A˜bA˜c + · · ·
}
, (3.3)
∂˜a∂˜bW˜ =m
′
{
〈〈F ′0ab〉〉+ 〈〈F ′0abcA˜c〉〉+
1
2!
〈〈F ′0abcd〉〉A˜cA˜d + · · ·
}
. (3.4)
Take a limit Λ→∞, and the action (2.18) is converted into
L= ξ
m
δab
{
−DmA˜aDmA˜∗b − iλ+aσmDmλ¯+b
6
+F˜ aF˜ ∗b − i
2
f bcdD˜
aA˜∗cA˜d +
√
2
2
f bdcA˜
∗cλ+aλ−d +
√
2
2
f bdcA˜
cλ¯+aλ¯−d
}
+
ξ
m
δab
{
−1
4
vamnv
bmn +
1
8
e
ξ
ǫmnpqvamnv
b
pq − iλ−aσmDmλ¯−b +
1
2
D˜aD˜b
}
+F˜ a∂˜aW˜ + F˜
∗a∂˜a∗W˜ ∗ − 1
2
∂˜a∂˜bW˜λ
+aλ+b − 1
2
∂˜a∗ ∂˜b∗W˜
∗λ¯+aλ¯+b. (3.5)
The matrix form of the superpotential W˜ is given as 4
W˜ ≡m′
{
1
2!
〈〈F ′0ab〉〉A˜aA˜b +
1
3!
〈〈F ′0abc〉〉A˜aA˜bA˜c + · · ·
}
=m
{
1
2!
〈〈F0ab〉〉A˜aA˜b + 1
3!
〈〈F0abc〉〉A˜aA˜bA˜c + · · ·
}
=
m√
2N
n∑
k=1
gk
(k − 1)!tr
(
A˜+
〈〈A0〉〉√
2N
1
)k−1
−m〈〈F0〉〉 −m〈〈F0a〉〉A˜a
=m
n−2∑
k=1
hk
k + 1
trA˜
k+1
, (3.6)
where we define hk ≡ (k + 1)√
2N
n−2−k∑
ℓ=0
gk+ℓ+2
(k + ℓ+ 1)!
(k+ℓ+1)Cℓ
(〈〈A0〉〉√
2N
)ℓ
. Here the symbol
(k+ℓ+1)Cℓ is a binomial coefficient .
We can rewrite the action (3.5) in superfield formalism as
L = Im
[−e + iξ
m
(
2
∫
d4θtrΦ˜+eV˜ Φ˜ +
∫
d2θtrW˜αW˜α
)]
+
(∫
d2θW˜ (Φ˜) + c.c.
)
, (3.7)
where W˜ is the field strength of V˜ . The factor 2 in the first term comes from the
normalization of the standard u(N) Cartan generators. Note that the Nambu-Goldstone
fermion λ−0 , which is contained in the overall U(1) part of N = 1 U(N) vector superfields
V˜ , is decoupled from other fields in (3.7) . However N = 2 supersymmetry is broken to
N = 1 because of existence of the superpotential. We get a general N = 1 action (3.7),
which is known as a “soft” broken N = 1 action, from spontaneously broken N = 2
supersymmetry. We conclude that the fermionic shift symmetry in [2] is related to the
decoupling limit of the Nambu-Goldstone fermion.
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1
2
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1√
2N
1N×N .
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A Supercharge algebra
The N = 2 transformation rule are given by a combination of following transformation
rules 5 , 
δη1A
a =
√
2η1ψ
a
δη1ψ
a = i
√
2σmη¯1DmAa +
√
2η1(Fˆ
a − gab∂b∗W ∗)
δη1λ
a = 1
2
σmσ¯nη1v
a
mn + iη1(Dˆ
a − 1
2
gab(Db + 2
√
2ξδ 0b ))
δη1v
a
m = iη1σ
mλ¯a − iλaσmη¯1
δη2A
a = −√2η2λa
δη2ψ
a = 1
2
σmσ¯nη2v
a
mn − iη2(Dˆa + 12gab(Db − 2
√
2ξδ 0b ))
δη2λ
a = −i√2σmη¯2DmAa −
√
2η2(Fˆ
∗a − gab∂b∗W ∗)
δη2v
a
m = iη2σ
mψ¯a − iψaσmη¯2
where spinors ηk(k = 1, 2) are transformation parameters. The N = 2 supersymmetric
transformation rules are δN=2χa = δη1χ
a + δη2χ
a. We can find the 1st supercurrent Sm1α
from the action (2.1):
Sm1 =−igabσnpσmλ¯bvapn −
1
2
σmλ¯aDa + i
√
2
(
eδ0c∗ +mF∗0c
)
σmψ¯c
−
√
2ξσmλ¯0 −
√
2gabσ
nσ¯mψaDnA∗b + · · · , (A.1)
where the dots denote terms involving three fermions . The 2nd supercurrent Sm2α is given
by the discrete R transformation of Sm1α with a flip of the sign of the FI parameter ξ,
Sm2 =−igabσnpσmψ¯bvapn −
1
2
σmψ¯aDa − i
√
2
(
eδ0c∗ +mF∗0c
)
σmλ¯c
+
√
2ξσmψ¯0 +
√
2gabσ
nσ¯mλaDnA∗b + · · · . (A.2)
Supercharge algebra is derived by
δηAS
0
Bα = i
[
ηAQA + η¯AQ¯A, S
0
Bα
]
= iηβA
{
QAβ , S
0
Bα
}
+ iη¯Aβ˙
{
Q¯
β˙
A, S
0
Bα
}
, (A.3)
where A,B=1 or 2 . It may be irrelevant to denote supercharges as Q1, Q2 because N = 2
supersymmetry is broken to N = 1 spontaneously and the supercharge corresponding to
the broken supersymmetry is ill-defined. We ignore this point here and write the divergent
part explicitly. We obtain the central charge
{Q1α, Q2β}=
√
2iǫβα
∫
dx3∂i
{(
A∗bReFab − 2i∂aK
)
ǫ0ijkvajk + 2gabA
∗bva0i
}
+8ξ
∫
d3x∂i
{
A∗0(σ0iǫ)βα
}
. (A.4)
5 It is easy to give proof that δη2L = 0 (up to total derivative) with the use of δη1L = 0 and
RL = L|ξ→−ξ . (See [5].) As in [11], the FI term does not break N = 2 supersymmetry.
8
Here K = i
2
(AaF∗a − A∗aFa) is the Ka¨hler potential. To get the resulting N = 1 super-
charge algebra, we define Q− ≡ 1√
2
(Q1−Q2) and Q+ ≡ 1√2(Q1+Q2) . Anti-commutators
of Q−(Q+) and Q¯−(Q¯+) are given as{
Q−α , Q¯
−
β˙
}
=−i
∫
d3x
[ i
4
gab(gacv
c
npσ
nσ¯p + iDa)σ
0(gbdv
d
qrσ¯
qσr + iDb)
−2igabDpAaDnA∗bσnσ¯0σp − 2igab∂aW˜∂b∗W˜ ∗σ0 + · · ·
]
αβ˙
,{
Q+α , Q¯
+
β˙
}
=−i
∫
d3x
[ i
4
gab(gacv
c
npσ
nσ¯p + iDa)σ
0(gbdv
d
qrσ¯
qσr + iDb)
−2igabDpAaDnA∗bσnσ¯0σp − 2igab∂aW˜∂b∗W˜ ∗σ0 + · · ·
]
αβ˙
−8mξσ0
αβ˙
∫
d3x, (A.5)
where the dots indicate terms involving fermion fields. This result agree with the super-
symmetry algebra in [12]. Finally, we conclude that Q− is the unbroken generator and
Q+ is the broken one.
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